Introduction
The stability problem of functional equations originated from a question of Ulam 1 concerning the stability of group homomorphisms. Hyers 2 gave a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers' theorem was generalized by Aoki 3 for additive mappings and by Th. M. Rassias 
It is easy to show that the function f x x 4 satisfies the functional equation 1.2 , which is called a quartic functional equation and every solution of the quartic functional equation is said to be a quartic mapping.
Let X be a set.
0 if and only if x y,
We recall a fundamental result in fixed point theory. 
for all nonnegative integers n or there exists a positive integer n 0 such that
2 the sequence {J n x} converges to a fixed point y * of J,
In 1996, Isac and Th. M. Rassias 30 were the first to provide applications of stability theory of functional equations for the proof of new fixed point theorems with applications. By using fixed point methods, the stability problems of several functional equations have been extensively investigated by a number of authors see 31-36 . Journal of Inequalities and Applications 3
Preliminaries
In the sequel we adopt the usual terminology, notations and conventions of the theory of random normed spaces, as in 37-41 . Throughout this paper, Δ is the space of all probability distribution functions that is, the space of all mappings F : R ∪ {−∞, ∞} → 0, 1 , such that F is left-continuous, non-decreasing on R, F 0 0 and F ∞ 1. D is a subset of Δ consising of all functions F ∈ Δ for which l − F ∞ 1, where l − f x denotes the left limit of the function f at the point x, that is, l − f x lim t → x − f t . The space Δ is partially ordered by the usual point-wise ordering of functions, that is, F ≤ G if and only if F t ≤ G t for all t in R. The maximal element for Δ in this order is the distribution function ε 0 given by 
It is known 43 that for the Łukasiewicz t-norm the following implication holds:
Definition 2.2 41 . A Random Normed space briefly, RN-space is a triple X, μ, T , where X is a vector space, T is a continuous t-norm, and μ is a mapping from X into D such that, the following conditions hold:
RN1 μ x t ε 0 t for all t > 0 if and only if x 0;
RN3 μ x y t s ≥ T μ x t , μ y s for all x, y ∈ X and t, s ≥ 0.
Definition 2.3. Let X, μ, T be a RN-space.
1 A sequence {x n } in X is said to be convergent to x in X if, for every > 0 and λ > 0, there exists positive integer N such that μ x n −x > 1 − λ whenever n ≥ N.
2 A sequence {x n } in X is called Cauchy if, for every > 0 and λ > 0, there exists positive integer N such that μ x n −x m > 1 − λ whenever n ≥ m ≥ N.
Generalized Hyers-Ulam Stability of the Functional Equation
One can easily show that an odd mapping f : X → Y satisfies f x 2y f x − 2y 2f x y 2f −x − y 2f x − y 2f y − x − 4f −x − 2f x f 2y f −2y − 4f y − 4f −y if and only if the odd mapping mapping f : X → Y is an additive mapping, that is,
One can easily show that an even mapping f : X → Y satisfies f x 2y f x − 2y 2f x y 2f −x − y 2f x − y 2f y − x − 4f −x − 2f x f 2y f −2y − 4f y − 4f −y if and only if the even mapping f : X → Y is a quadratic-quartic mapping, that is,
It was shown in 54, Lemma 2.1 that g x : f 2x − 4f x and h x : f 2x − 16f x are quartic and quadratic, respectively, and that f x 1/12 g x − 1/12 h x . For a given mapping f : X → Y , we define
for all x, y ∈ X. Using the fixed point method, we prove the generalized Hyers- for all x, y ∈ X and all t > 0. Then
exists for each x ∈ X and defines a unique additive mapping A : X → Y such that
for all x ∈ X and all t > 0.
Proof. Letting x y in 3.5 , we get
for all x ∈ X and all t > 0. Consider the set
and introduce the generalized metric on S: for all x ∈ X and we prove that J is a strictly contractive mapping with the Lipschitz constant 3α.
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Let g, h ∈ S be given such that d g, h < ε. Then
for all x ∈ X and all t > 0. Hence
for all x ∈ X and all t > 0. So d g, h < ε implies that d Jg, Jh ≤ 3αε. This means that d Jg, Jh ≤ 3αd g, h 3.14 for all g, h ∈ S. It follows from 3.8 that
for all x ∈ X and all t > 0. So
3.16
By Theorem 1.1, there exists a mapping A : X → Y satisfying the following: 1 A is a fixed point of J, that is,
for all x ∈ X. The mapping A is a unique fixed point of J in the set
3.18
This implies that A is a unique mapping satisfying 3.17 such that there exists a u ∈ 0, ∞ satisfying
for all x ∈ X and all t > 0;
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This implies that the inequality 3.7 holds. Now, we have,
for all x, y ∈ X, all t > 0 and all n ∈ N. So, we obtain by 3.4
for all x, y ∈ X, all t > 0 and all n ∈ N.
Since lim n → ∞ Φ x,y t/ 3α n 1 for all x, y ∈ X and all t > 0, by Theorem 2.4, we deduce that
for all x, y ∈ X and all t > 0. Thus the mapping A : X → Y is additive, as desired. for all x, y ∈ X and all t > 0. Then
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exists for each x ∈ X and defines an additive mapping A : X → Y such that
Proof. The proof follows from Theorem 3.1 by taking
for all x, y ∈ X. Then we can choose α 3 −p and we get the desired result.
Similarly, we can obtain the following. We will omit the proof.
Theorem 3.3. Let X be a linear space, Y, μ, T M be a complete RN-space and Φ be a mapping from
Let f : X → Y be an odd mapping satisfying 3.5 . Then
for all x ∈ X and all t > 0. 
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Proof. The proof follows from for all x, y ∈ X. Then we can choose α 3 p and we get the desired result. 
Generalized Hyers-Ulam Stability of the Functional Equation
Let f : X → Y be an even mapping satisfying f 0 0 and 3.5 . Then
exists for each x ∈ X and defines a quartic mapping Q : X → Y such that
for all y ∈ X and all t > 0. Replacing x by 2y in 3.5 , we get μ f 4y −4f 3y 4f 2y 4f y t ≥ Φ 2y,y t 4.5
for all y ∈ X and all t > 0.
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By 4.4 and 4.5 ,
for all x ∈ X and all t > 0. Letting g x : f 2x − 4f x for all x ∈ X, we get
for all x ∈ X and all t > 0. Let S, d be the generalized metric space defined in the proof of Theorem 3.1. Now we consider the linear mapping J : S → S such that
for all x ∈ X. It is easy to see that J is a strictly contractive self-mapping on S with the Lipschitz constant 16α. It follows from 4.7 that
for all x ∈ X and all t > 0. So 
This implies that Q is a unique mapping satisfying 4.11 such that there exists a u ∈ 0, ∞ satisfying
for all x ∈ X and all t > 0; 
4.15
This implies that the inequality 4.3 holds. Proceeding as in the proof of Theorem 3.1, we obtain that the mapping Q :
for every x ∈ X. Since the mapping x → Q 2x − 4Q x is quartic see 54, Lemma 2.1 , we get that the mapping Q : X → Y is quartic. for all x, y ∈ X. Then we can choose α 2 −p and we get the desired result.
Similarly, we can obtain the following. We will omit the proof. for all x ∈ X and all t > 0. 
